Proteins, molecules and macromolecular assemblies in water are surrounded by a nanometer-sized hydration layer with properties very different from bulk water. Here we use classical molecular dynamics simulations to study the dielectric response of hydration water next to hydrophobic and hydrophilic planar surfaces. We find the interfacial dielectric absorption of water to be strongly anisotropic: compared to bulk water, which shows a broad dielectric absorption maximum around 15 GHz in the imaginary part of the dielectric function, the absorption for electric fields parallel to the surface is of similar strength and shows a slight red shift, while for perpendicular electric fields it is strongly attenuated and blue-shifted. This anisotropy is generic for hydrophobic and hydrophilic surfaces. From our spatially resolved dielectric functions and a modified Maxwell-Garnett theory that accounts for anisotropic hydration layers around spherical particles, the dielectric absorption of solutions of organic molecules and micelles is derived to exhibit the experimentally known attenuation in combination with a red shift. These two features are traced back to the subtle interplay of interfacial depolarization effects and the dielectric anisotropy in the hydration layer.
Proteins, molecules and macromolecular assemblies in water are surrounded by a nanometer-sized hydration layer with properties very different from bulk water. Here we use classical molecular dynamics simulations to study the dielectric response of hydration water next to hydrophobic and hydrophilic planar surfaces. We find the interfacial dielectric absorption of water to be strongly anisotropic: compared to bulk water, which shows a broad dielectric absorption maximum around 15 GHz in the imaginary part of the dielectric function, the absorption for electric fields parallel to the surface is of similar strength and shows a slight red shift, while for perpendicular electric fields it is strongly attenuated and blue-shifted. This anisotropy is generic for hydrophobic and hydrophilic surfaces. From our spatially resolved dielectric functions and a modified Maxwell-Garnett theory that accounts for anisotropic hydration layers around spherical particles, the dielectric absorption of solutions of organic molecules and micelles is derived to exhibit the experimentally known attenuation in combination with a red shift. These two features are traced back to the subtle interplay of interfacial depolarization effects and the dielectric anisotropy in the hydration layer.
By a detailed analysis of the individual water molecule dynamics the perpendicular blue shift is shown not to be linked to accelerated water reorientation, but rather to dielectric boundary effects. Carefully conducted angularly resolved experiments at planar aqueous interfaces will be able to resolve this dielectric anisotropy and thus to confirm the subtle connection between spectral absorption features and the molecular water dynamics in hydration layers. 
I. INTRODUCTION
The frequency-dependent dielectric function, or, equivalently, the electromagnetic absorption spectrum, gives a well-defined finger print of material properties over a wide range of time scales. Spectral features in the GHz and THz range draw a detailed picture of the relaxational dynamics of the water hydrogen-bond network and allow to gain insight into the hydration layer properties around proteins, membranes, molecules and ions [2] [3] [4] [5] [6] . Additional insight from polarization-resolved pump-probe experiments, NMR and Raman studies has led to the notion that hydration water dynamics is finely coupled to the solute properties 7-10 .
This progress was made possible by simulations that nowadays allow to derive absorption spectra in the GHz as well as THz to infrared regimes by a combination of classical and abinitio techniques [11] [12] [13] [14] . Dielectric relaxation and THz spectroscopy experiments 15, 16 as well as molecular dynamics simulations 17 have consistently found a shift of the dielectric absorption peak from the well-known 15 GHz in bulk water to lower frequencies in the solvation shell around small organic molecules. In addition, the strength of the dielectric response was found to be diminished at all frequencies. This observation is commonly interpreted as a slowing down of the collective dynamics of hydration water and relevant in light of the role of water for protein aggregation, recognition and folding [18] [19] [20] [21] . But one notes that the interpretation of experiments in terms of microscopic detailed pictures is not always straightforward and therefore a number of open question about the comparison of different experimental techniques remain 22 .
In this work we use classical molecular dynamics simulations to show that the collective water dynamics in the solvation shell possesses a richer structure than previously thought.
We find that the dielectric function for planar hydrophobic and hydrophilic interfaces is highly anisotropic: the response to electric fields applied parallel to the surface is very different from the perpendicular one. The parallel imaginary component shows a slight red shift, i.e. an absorption peak shifted to lower frequencies, and only a small change of the absorption strength. For the perpendicular imaginary component the response is considerably diminished and shows a pronounced blue shift. These spectral features are only indirectly related to the microscopic water dynamics, in contrast to what one might naively assume: We find only mild changes of the reorientation dynamics of interfacial water molecules. Rather, the stark contrast between parallel and perpendicular spectra are caused by dielectric boundary effects, which illustrates the subtle relation between spectroscopy and the molecular dynamics. We note that the anisotropy we are dealing with in this paper is induced by the presence of an interface and thus is distinct from the symmetry breaking between the longitudinal and the transversal components of the wave vector dependent dielectric function that is present also in bulk 23-25 .
The analysis of experimental GHz and THz absorption spectra in terms of hydration layer properties is complicated due to the superimposed spectral contributions of solute and water, but in particular due to the presence of interfacial depolarization effects, which can lead to erroneous interpretations in terms of spurious interfacial effects. We combine our anisotropic interfacial dielectric profiles extracted from Molecular Dynamics simulations with a modified Maxwell-Garnett theory for the effective absorption of a solution of particles that accounts for anisotropic hydration layers around spherical particles. Our results exhibit an overall decrease of the absorption and a red shift of the absorption maximum, in agreement with the general trend in experiments 15, 16 , which shows that both parallel and perpendicular components of the dielectric function are essential in order to reproduce experimental findings. In particular, we nearly quantitatively account for experimental GHz spectroscopy results for micellar solutions 26 . Experimentally resolving the anisotropic absorption spectrum and therefore a direct verification of our results will be possible by anisotropic dielectric relaxation spectroscopy on oriented lipid bilayer stacks 5,27 or surface-sensitive measurement techniques such as time-resolved pump-probe second harmonic 28 or sum frequency generation on single planar interfaces 29 . Alternatively, one could use oriented probe molecules in order to study the anisotropic absorption at interfaces 30 .
II. METHODS
The setup of our molecular dynamics simulations is illustrated in Fig. 1(a) . A water slab with varying thickness d is confined at fixed pressure P =1atm and temperature T =300K between two diamond surfaces. To model a hydrophobic surface the uncharged surface carbon atoms are terminated by hydrogen atoms, for a hydrophilic surface 25% of the terminating hydrogens are replaced by hydroxyl groups 31 , as shown in Fig. 1(b) and (c), respectively. The contact angle on the hydrophobic diamond is 101 • while the hydrophilic substrate exhibits complete wetting 32 .
We use the SPC/E water model 33 together with the GROMOS force field for the carbon atoms. The dielectric spectrum of SPC/E water in bulk exhibits good agreement with experimental data up to 100GHz as shown in Appendix A. Similarly good bulk spectra have been obtained from the TIP4P potential 34 . Simulations are run with the GROMACS molecular dynamics package 35 . Some simulations are verified using LAMMPS 36 . The hydrogen atoms terminating the hydrophobic diamond have no partial charges and no Lennard-Jones interaction. For the hydroxyl groups on hydrophilic surfaces we use the same Lennard-Jones parameters and partial charges as in previous work 31 . We first run equilibration simulations in which the diamond structure is relaxed and the vertical slab size is adjusted to atmospheric pressure. In production runs, the diamond (including the terminating H and OH)
is then kept frozen which leads to a random, but non-zero static substrate polarization due to oriented OH groups. This polarization is subtracted in Eq. (2) (see below) and thereby does not influence the resulting spectra. The number of water molecules ranges from 289 in the thinnest up to 3956 in the thickest slab. The lateral system size is 3.2x3.2nm for the hydrophobic and 4.2x4.2nm for the hydrophilic slabs.
The temperature is kept at 300K using a Berendsen thermostat 37 , electrostatic interactions are calculated using Particle-Mesh-Ewald summation with a slab correction 38 . For Lennard-Jones interactions a switched cut-off between 0.9nm and 1.0nm is used. In all simulations, the first 500ps are discarded for equilibration, total simulation durations range up to 3.5µs. Time correlation functions are cut when they drop below zero (due to noise).
Laplace transformations are then calculated numerically. It is verified explicitly that all dielectric spectra satisfy the Kramers-Kronig-relations 39 .
III. RESULTS AND DISCUSSION

A. Anisotropic interfacial dielectric spectra
The dielectric response of any physical system is expressed by the complex, frequencydependent dielectric function (f ) = (f ) − i (f ). Using linear response theory 34, 39 it follows directly from the polarization time-correlation function where the angular brackets indicate an average over phase space trajectories and the term M α accounts for a non-zero average polarization. We have split the polarization fluctuations into components parallel M and perpendicular to the planar interface M ⊥ , as suggested by static results (f = 0) for interfacial water [40] [41] [42] and frequency-dependent investigations of dipolar model fluids 43 . The parallel and perpendicular dielectric functions follow as (see Appendix B for a detailed derivation)
Here, L if denotes the Laplace transformation given by L if (g(t)) = ∞ 0 e −i2πf t g(t)dt, k B T is the Boltzmann factor, 0 the dielectric permittivity of vacuum, andΦ = ∂Φ(t)/∂t. In our simulations, M is calculated from a sum over the molecular dipole moments, as higher moments are negligible in this case 41 . For the perpendicular response, on the other hand, higher moments do contribute and we thus calculate M ⊥ from an integral over the laterally averaged charge density and thereby include all higher moments 41 . The volume V of the water slab is defined by the average separation between the surface hydrogen atoms. This choice influences the dielectric spectra of the water slab but, in the absence of additional approximations, not the derived effective spectra for a system including water and substrate material (see Supplementary Information 1 ). We check our linear response method by simulations with an explicit time-dependent electric field and find excellent agreement (see
Supplementary Information).
Figures 1(d)-(g) compare the simulated familiar dielectric spectrum of bulk water, featuring a static value of (f → 0) = 71 for SPC/E water 44 and an absorption peak in (f ) at f = 15GHz (black lines), to the spectra of water slabs whose thickness is varied from d = 6.7nm down to 1.1nm. We only consider dielectric frequencies up to 100GHz and thus far below the first hydrogen-bond bending mode at 1.8 THz 3,5 where classical MD force fields accurately reproduce experimental spectra (see Appendix A). In slabs, the dielectric function is strongly anisotropic: In the low frequency range the parallel dielectric response at the hydrophobic surface in Fig. 1 (d) remains virtually unchanged for varying d, whereas the perpendicular response in Fig. 1 (e) strongly depends on d, in agreement with previous static results 41, 42 . Compared to bulk, the absorption peak in the imaginary part in Fig. 1(d) and (e) shows a slight red shift for parallel fields and a pronounced blue shift in the perpendicular case with increasing confinement. Especially the blue shift is quite dramatic and moves the peak frequency up to more than 100 GHz for the d = 1.1nm slab. The results for the hydrophilic system in Fig. 1 (f) and (g) are similar, which shows that anisotropic red and blue shifts are rather generic and not dependent on the specific surface chemistry.
B. Spatially resolved dielectric profiles
The slab results in Fig. 1 mix the dielectric response of the hydration and bulk-like water portions in a non-linear fashion as we will now demonstrate. To disentangle bulk and hydration layer contributions, we spatially resolve the dielectric profile. For this we define the correlation function ϕ between the local polarization density m α (z) and the total polarization M α as
from which the local dielectric spectrum at position z follows as
for the parallel and
for the perpendicular case (the detailed derivation can be found in the Supplementary Information). Figures 2 and 3 compare the density profile of water with the spatially resolved dielectric profiles in the parallel and perpendicular direction for a hydrophobic surface at two frequencies f = 15GHz (corresponding to the bulk water absorption peak) and f = 100GHz.
The parallel absorption profile (z) in Fig. 2 (b) is roughly proportional to the density profile for a given frequency, in agreement with previous static results 41, 42 . In contrast, the perpendicular profile ⊥ (z) in Fig. 2 (c) exhibits a marked depression in the interfacial region and most noteworthy a crossing of the two curves in the second water hydration shell (corresponding to the second local density maximum in Fig. 2(a) ). This crossing is connected to the blue shift of ⊥ (f ) observed in Fig. 1 (e) and (g) and shows that it is caused by
properties of the first hydration layer. To bring this out more clearly, in Fig. 2 (d) and (e) we show frequency dependent absorption spectra in five slices of 0.6nm thickness, obtained by spatially averaging the polarization correlation functions ϕ α (t, z). Indeed, the interfacial slab (red lines), which fully encompasses the first hydration layer of water, shows behavior This shows that interfacial spectral features are rather localized and cross over to bulk behavior roughly in the second water hydration layer. The naive interpretation of the spectral features and in particular of the perpendicular blue shift would be, that the perpendicular relaxation of interfacial water is faster than in bulk; this interpretation, however, is not borne out by our microscopic analysis, as detailed below.
C. Effective-medium theory for solutions of hydrated particles
In current spectroscopic studies aimed at investigating hydration layer properties, the average dielectric absorption spectra of particle solutions are recorded 2-5 , which result from a combination of solute, hydration layer and solvent polarization as well as depolarization effects due to interfacial dielectric mismatches 6, 45 . Extracting hydration layer dielectric properties thus requires suitable theoretical modeling: Accordingly we have devised a modified Maxwell-Garnett theory (MGT) for dilute solutions of spherical particles that accounts for tensorial dielectric effects in the hydration layer surrounding the solute particles. In our model, and as indicated in Fig. 4(a) , the spherical core of radius R C corresponds to the actual solute particle with an internal dielectric spectrum C (f ) (which we assume frequencyindependent, isotropic and constant in the examples shown here), the shell of outer radius R S models the water hydration layer with in general anisotropic dielectric spectra ⊥ (f ) and (f ). We note that existing core-shell models for particle solvation (e.g. 6,8,46,47 ) have thus far only considered isotropic dielectric functions for the shells around the solute particle.
Finally, R B = (4πc/3) −1/3 is the outer radius of a bulk-like solvent layer and equals approximately half the average distance between the core-shell particles in a solution of number concentration c as indicated in Fig. 4 (b) . This solvent layer is characterized by the isotropic bulk dielectric spectrum B (f ) (see Appendix C for a detailed derivation and discussion).
Figures 4 (c)-(e) show the effective spectral absorption eff (f ) for spherical particles with a core radius R C = 0.36nm corresponding to tetramethylurea (TMU), which is amply studied experimentally as a prototypical hydrophobic solute 16 . 48 In Fig. 4(c) , solid lines correspond to the original MGT where shell as well as solvent regions are modeled by the simulated bulk water spectrum B (f ). The resultant eff,orig (f ) for different particle concentrations c M shows no shift but just a minimal depression due to the mixing of the low-dielectric core (which models TMU and is taken to be C = 1) and water. We also show a linear superposition approximation (LSA, broken lines) according to which
We note that depolarization effects, that are included in MGT but not in the linear superposition approximation of Eq. (7), lower the value of eff,orig (f ) and could in a naive analysis of experimental data erroneously be interpreted as due to immobilized and therefore dielectrically "transparent" hydration water. Figure 4 solution spectra. Note that by inserting our simulation results for planar interfaces into our modified MGT we neglect possible curvature effects which for the large micellar system is not a concern but for the smaller TMU system introduces an error that will be investigated in the future.
D. Relation to water orientational dynamics NMR 9,15 , infrared pump-probe 8,10 , and simulation studies 11,50 consistently find a retardation of the individual molecule relaxation (considering either the dipole and/or the OH vector) close to various interfaces. Here we explore the connection to our spectroscopic results. For that we define the anisotropic dipolar correlation function
where µ α denotes the dipole vector of a given water molecule projected with respect to the interface, as well as the isotropic analogue η(t) = µ(0)µ(t) / µ(0)µ(0) . Figure 5 confirms that the isotropic dipolar relaxation is, compared to bulk water, slowed down in all slabs. The increase is strongest in the d = 1.2nm hydrophilic slab and can be rationalized by numerous strong hydrogen bonds between water and polar surface groups in terms of the "extended-jump model" 51 . Separation into parallel and perpendicular components (insets)
demonstrates that there is no direct connection between the anisotropy observed in the dielectric spectra in Fig. 1 and the dipolar relaxation dynamics of single water molecules: In the hydrophobic d = 1.1nm slab the parallel component is slowed down and the perpendicular is accelerated compared to bulk water, whereas in the hydrophilic d = 1.2nm slab both components are slowed down. So the pronounced blue shift in the perpendicular dielectric spectra is, in particular at hydrophilic surfaces, not mirrored by accelerated reorientational perpendicular motion of individual water molecules in thin slabs.
To reconcile these perplexing findings, we plot in Fig. 6(a) Fig. 6(b) , and shows that the red-shift in the parallel dielectric spectrum is quantitatively accounted for by the slowing down of the parallel polarization dynamics in slabs. Although the numbers do not match precisely, the slowing down of the polarization correlation function mirrors the slowed parallel molecular reorientation in the slabs as observed in Fig. 5 (a) .
In Fig. 7(a) we plot the short-time residual polarization correlation which is obtained by subtracting the exponential tail, defined as
for bulk and
for the parallel component in slabs. We observe a fast initial decay with a single librational rebounce during the first ∼100fs, in agreement with earlier experimental and simulation studies 34, 52 .
The perpendicular polarization Φ ⊥ (t) in Fig. 6(c) is dramatically different and displays pronounced oscillations. Those oscillations were for a dipolar model fluid rationalized by a "dipolaron" mode 43 . Here we provide an alternative explanation and argue instead that Φ ⊥ (t) is dominated by librational effects: This is demonstrated by the fact that the initial decay of Φ ⊥ (t) in Fig. 7(b) is quite similar in magnitude and shape to the residual parallel and bulk polarization correlations ∆Φ (t) in Fig. 7(a) . Incidentally, very similar features are also seen in the single molecule dipolar correlation functions η(t) at short times. To demonstrate this we define the non-normalized single-molecule orientational correlation functions with the exponential tail subtracted:
∆η
where the parameters A and τ are obtained from fits such as those displayed in Fig. 5 . As shown in Fig. 7(c+d) , all features -including the seemingly very large oscillations in Φ ⊥are of comparable absolute magnitude and period. This strongly supports our interpretation that they all correspond to the same physical phenomenon, with the only difference that the damping is significantly weaker in the collective perpendicular polarization correlation function than in the other cases. In line with earlier studies 34, 52 we attribute the rebounces to librational motions which lead to spectral features above 1 THz and are thus not relevant for the present work. In essence, Φ ⊥ (t) reflects the librational motion of the water molecules in an unobstructed fashion, whereas librational effects in Φ (t) are overshadowed by an additional exponentially decaying slow contribution (which is dampened in Φ ⊥ (t) because of the different dielectric boundary condition).
A second striking feature of Fig. 6 (c) is that the decay of the correlation function seems to be independent of the slab thickness. We define the perpendicular correlation time as
and obtain τ ⊥ = 0.145±0.05ps for the hydrophobic surfaces and all three different slab thicknesses. How does this insensitivity of the perpendicular polarization dynamics harmonize with the pronounced absorption blue shift in ⊥ (f ) for decreasing slab thickness displayed in 
This is in quantitative agreement with the maximum in ⊥ (f ) inferred directly from the simulation data in Fig. 1 , as shown in Fig. 6 (d) and not to an acceleration of the water reorientation dynamics. This finding serves as an example that the relation between dielectric features and molecular dynamics can be quite subtle and correct molecular interpretation of experimental data therefore requires correct theoretical modeling.
IV. CONCLUSION
Using classical MD simulations of water at hydrophobic and hydrophilic surfaces we show that the dielectric absorption in hydration layers is highly anisotropic: While the imaginary part of the dielectric function describing the response to surface-parallel electric fields shows only a weak attenuation and red-shift of the absorption peak compared to bulk water, the response function for perpendicular fields is strongly attenuated and blue- Interestingly, the perpendicular blue shift is not related to an acceleration of single water molecule reorientation, but rather shown to be due to dielectric boundary effects: The relation between the polarization correlation function and the dielectric spectrum involves in addition to the correlation time also the static dielectric constant in the perpendicular case. We conclude that the correct molecular interpretation of dielectric absorption data needs correct theoretical modeling. Our modified Maxwell-Garnett theory that includes anisotropy in the hydration shell by using simulated spectra in planar slabs should be viewed as a first step in that direction.
solvation: inhomogenepous dielectric continuum models," J. Chem. Phys. 89, 3519 (1988) . 48 The core radius is obtained from 4/3πR 3 c = V p with the particle volume given by V p = M p /ρ where the density ρ = 0.968g/cm 3 for pure TMU and the particle mass in turn is calculated from M p = M/N A with the molar mass of TMU M = 116.16g/mol and N A Avogadro's where χ s is the static susceptibility. For clarity, we will in the following omit the zdependence. For a sinusoidal electric field with frequency f :
we can write
Substituting t − t * = t we get
Introducing the complex susceptibility and the complex electric field
and writing
with ∆m = Re (∆m) motivates the definition of χ and χ in Eq. (B5). Now we substitute χ and χ from Eq. (B5) into (B6) to obtain
where L if is the Laplace transform as in the main text.
We now turn to the statistical mechanics description of our system. When a small external field F is applied, the total energy of the system at time t shall be given by F (t)M (t) 41, 42 .
For any time-dependent observable A(t) the average value in the perturbed case is given by (cf. 39 p. 145):
Here the overbar means the value of the macroscopic quantity in the perturbed system and denotes an average over phase space trajectories in the equilibrium, unperturbed system as in the main text. We derive the parallel component, i.e., Eq. (5) of the main text. Here F = ∆E 41 and we consider only the resulting parallel system dipole M . We choose A = m (t) where we recall that m is the instantaneous polarization density of an infinitesimally thin horizontal slice. Due to isotropy in the plane, the fluctuations in
x-and y-direction are uncorrelated and thus the tensor m Ṁ is diagonal and can be substituted by 1/2 m ·Ṁ where · denotes the scalar product. We obtain:
The left-hand-side of Eq. (B15) represents the induced polarization density ∆m (t). Comparing Eqs. (B1) and B15, we find:
where in the last step we have used the fact that m (t) ·Ṁ (t ) is anti-symmetric in time.
Due to statistical averaging Eq. (B17) merely depends on the difference t − t and not on t and t separately. This allows us to substitute t − t → t to obtain
whose Laplace transform is:
Substituting Eq. (B13) leads to
Using the definition of the correlation function
and the relation = χ + 1 leads to Eq. (5) of the main text.
We note that Eq. (B20) only contains the time derivative of the correlation function.
Accordingly, one could use the alternative definition
and obtain the same result. In order to avoid taking numerical derivatives, however, we evaluate the Laplace transforms using the well-known relation:
which is much easier to evaluate when ϕ → 0 for t → ∞, since then the correlation functions can be cut at some finite t. This motivates us to prefer the definition in Eq. (B21) over that in Eq. (B22).
In the perpendicular case F ⊥ = D ⊥ / 0 = ∆E ⊥ ⊥ 41 and the same procedure as above then leads to Eq. (6) of the main text.
Appendix C: Anisotropic Maxwell-Garnett Theory
In order to calculate the dielectric spectrum eff of a core-shell-particle as depicted in Fig. 4 (a) , we focus on the imaginary component and consider the amount of energy W abs that is absorbed by the system when a time-dependent electric potential of the form
is fixed on the outer boundary defined by the sphere radius R B . The total amount of energy absorbed by an equivalent spherical particle with radius R B having a spatially homogeneous dielectric spectrum eff is given by (see 39 p. 14):
since the electric field is homogeneous throughout the sphere in this case. This relation is used as a definition of an effective, isotropic dielectric function eff for systems in which the actual dielectric spectrum is anisotropic since W abs is always well defined, physically meaningful and measurable.
In order to calculate W abs using the core-shell model, we denote the electrical potential J n r n + L n r n+1 P n (cos θ)
with P n denoting the Legendre polynomial of order n. Since φ C must be finite for r → 0, it follows that B n = 0 for all n. The five boundary conditions are:
With the ansatz of Eqs. (C3) through (C5) we obtain linear systems of equations for A n , G n , H n , J n , and L n which can be solved separately for each n. Note that the coefficients A n -L n depend on time through the fifth boundary condition Eq. (C10). No non-trivial solution exists in general for n = 1 (although for specific combinations of R C , R S , R B , C , ⊥ , and B additional resonant solutions may exist). The solution for n = 1 reads:
where the common denominator is given by
Now that we have computed the potential and thus the electric field at any point inside the particle, we proceed to split the electric field into radial and tangential components E r (t) and E θ (t), respectively: E(t) = (E(t) · e r ) e r + (E(t) · e θ ) e θ = E r (t)e r + E θ (t)e θ = − dφ(t) dr e r − 1 r
in 6 ):
with the imaginary part:
In this simple case, the values for the constants in Eqs. (C11)-(C15) can be substituted analytically into Eq. (C20) yielding an expression for eff which is identical to Eq. (C23). giving for the position of the absorption maximum in :
A similar calculation for the perpendicular component starts from Eq. (3) of the main text which after inserting Φ ⊥ (t) = A ⊥ e −t/τ ⊥ gives
Taking again the derivative of the imaginary part with respect to f gives
and finally
where the last identity can be inferred from Eq. (3) of the main text with f = 0.
